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Abstract
The molecules that comprise biological structures are joined together by chemical bonds that are relatively weak com-
pared to the ionic, covalent and metallic atomic bonds of traditional engineering materials. Both the large size of these
molecules and the relatively low energies of these bonds account for the softness of the resulting material structures.
When immersed in water at a temperature on the order of 35◦C, a biological membrane undergo random transverse
ﬂuctuations, driven by Brownian motion of the water molecules. If not constrained in any way, a soft elastic structure
will deform so that the mean elastic energy induced just balances the mean entropic energy acquired through ﬂuctua-
tion. If the elastic structure is constrained kinematically, the forces necessary to maintain such constraints are entropic
forces. The estimation of such forces, as well as some of their consequences, are discussed here, mainly for the case of
bio-membranes with elastic bending resistance.
c© 2013 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Norman Fleck.
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1. Introduction
The term entropic force is used here to describe a phenomenological force that acts on a physical system
and that is induced by the tendency of that system to spontaneously increase its entropy; in other words,
an entropic force constrains the system against an increase in entropy. A common example of an entropic
force is the pressure exerted on the inner wall of a pressure vessel containing a gas under conditions for
which the density and temperature are such that the behavior is qualitatively that of an ideal gas. Similarly,
the stretching of a rubber-like polymeric material is resisted by the natural tendency for chain molecules
comprising the material to ﬂuctuate randomly, and thus to draw their end-points together, rather than to be
forced into alignment with the direction of the applied tensile force.
In the case of a closed engineering vessel containing a gas under pressure, the fact that the internal
pressure is due to a very large number of randomly distributed, intermittent impulses per unit area on the
vessel inner wall typically has no inﬂuence on the deformation of the vessel itself, a consequence of its very
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large internal energy compared to the magnitude of the entropic energy of the gas. However, if the size scale
of the vessel is in the sub-millimeter range and the resistance to deformation arises from weak molecular
bonds, as in biological materials, then the tendency to increase entropy can be accommodated by the soft
elastic resistance of the materials involved. This has been observed as shimmering of light that is reﬂected
from the surface of a closed vesicle when immersed in water [1]. The latter phenomenon is the range of
behavior that is the focus of this study.
In order to make this presentation more or less self contained, a system for which behavior can be
simply described in terms of a single degree of freedom is introduced in order to outline the central ideas
that come into play in considering phenomena for which deformation and entropic eﬀects interact. This
system is a rudimentary version of the optical trap, an ingenious device introduced by Ashkin [2, 3] and
exploited by a host of researchers for measuring force or controlling motion on the scale of individual
biological cells or individual strands of DNA; see [4, 5] as elegant examples of its application. This model
serves as a simple vehicle for introducing the essential aspects of classical statistical mechanics, particularly
probability of occurrence of a particular microscopic conﬁguration of a ﬂuctuating system, the partition
function which provides a macroscopic statistical picture of system behavior, and the notion of expected
value of a macroscopic property of the deformation process. The discussion then turns to consideration
of biological membranes, elemental structures which are ﬂat in their reference conﬁgurations but which
undergo continual random transverse ﬂuctuations when immersed in water at a temperature of roughly 35◦C.
The questions addressed involve forces arising from interactions of a membrane with its surroundings. Three
speciﬁc situations considered are (1) the inﬂuence of externally applied membrane tension on the amplitude
of transverse ﬂuctuations, (2) the competition between ﬂuctuations and the tendency of membranes to adhere
to adjacent surfaces through molecular bonding, and (3) the pressure required to conﬁne the amplitude of
ﬂuctuations of a nominally ﬂat membrane with parallel surfaces positioned in close proximity on either
side of the membrane. The last case is equivalent to consideration of mutual conﬁnement of a particular
membrane in a stack of identical membranes in a thermal environment.
2. The optical trap as an example with a single degree of freedom
In order to summarize the concepts of statistical mechanics that serve as a basis for quantitative conclu-
sions about random ﬂuctuations, a one-degree-of-freedom system is discussed ﬁrst. This example illustrates
the competition between elastic and entropic eﬀects in a mechanical system. Suppose that a spherical bead
of polystyrene or some other similar transparent dielectric material is placed in water at a temperature of
roughly 35◦C and that the center of the bead is constrained to move along a line, say, only left or right from
a reference position as illustrated in Fig. 1. The radius r of the bead is on the order of several microns or
more, and the index of refraction of the bead is roughly 25% larger than that of water. Initially, a laser beam
with wavelength signiﬁcantly shorter than the radius of the bead is directed along a diametral line that is
perpendicular to the line along which the center of the bead is able to move. The source of the beam and its
direction are presumed to be ﬁxed.
Stimulated by the thermal motion of the water molecules at the reference temperature, the bead tends
to undergo random Brownian ﬂuctuations in position along the horizontal line. What happens to the laser
beam if the center of the bead is displaced a small distance δ to the right of its initial position? Because
of the relative diﬀerence in the value of the refraction coeﬃcient of the water from that of the bead, the
refracted beam in the bead will be closer to the line normal to the water-polystyrene interface at the point of
entry than was the incident beam; refer to Fig. 1. Then, as the optical beam is again refracted upon passing
from the bead into the water, the direction of the transmitted beam will be farther from the interface normal
line than was the incident beam. The net result is that the direction of the beam as it leaves the bead has a
signiﬁcant component directed to the right, whereas the beam as it enters the bead has no such component.
Furthermore, the magnitude of this component increases with increasing values of δ.
Light is well known to transport energy along a beam and, perhaps less well known, it also carries linear
momentum. The momentum of the beam in the direction of bead motion is zero as the beam enters the bead.
However, in the situation depicted in the sketch on the right in Fig. 1, the momentum of the beam leaving the
bead has a signiﬁcant component to the right. To eﬀect such a change in momentum, the bead necessarily
117 L.B. Freund /  Procedia IUTAM  10 ( 2014 )  115 – 124 
δ
Fig. 1. The diagram on the left shows a narrow optical beam directed toward a small bead immersed in water, and passing
through the center of the bead; the bead is unconstrained against motion along a line perpendicular to the beam. The
diagram on the right shows the eﬀect of moving the center of the bead a small distance δ to the right with respect to
the line of the incoming optical beam. In the latter case, the beam is deﬂected due to a diﬀerence in the coeﬃcients of
refraction between the bead material and water. The result of refraction of the beam to the right is a force, represented
by the large arrow, tending to move the bead to the left
has exerted a force to the right on the light beam as it passed through the bead. It follows that the light
beam has exerted an equal but opposite force on the bead that acts to the left; this force acts to restore the
bead to the reference position depicted on the left side of the ﬁgure. The net inﬂuence of the light beam is
that it tends to restore the the bead to its original position if it displaced from its reference position in either
direction. If the initial deﬂection of the beam had been toward the left instead of the right, it would have
been concluded that refraction of the beam again resulted in a force tending to restore the bead to its initial
location, that is, the bead is “trapped” by the light. Finally, it is noted that, with the use of readily available
lasers, the magnitude of such a force is in the range of pico-Newtons and thus large enough to be useful to
generate force or to control displacement in experiments in biomechanics conducted at a small scale [3].
For suﬃciently small values of δ, the restoring force acting on the bead, say f , varies linearly with δ,
say, according to
f = −κ0δ, (1)
where κ0 > 0 represents a stiﬀness or force constant of the system. Equivalently, there is an energy distribu-
tionU = 1
2
κ0δ
2 over the range of δ such that the restoring force is derived from it according to
f = −∂δU. (2)
The value of κ0 can be determined by taking advantage of the fact that the probability of ﬁnding the bead
in any particular position δ over the course of a long observation satisﬁes the Gauss–Boltzmann distribution.
Accordingly, the probability of ﬁnding the bead at any particular position δ among all accessible positions
is proportional to e−U(δ)/kT where k is the Boltzmann constant and T is the temperature in degrees Kelvin.
Then, the partition function Z for the process, which is the quantity that captures the statistical micro-scale
variations of the system in a form allowing determination of macroscopic thermodynamic characteristics, is
Z = r−1
∫ ∞
−∞
e−U(δ)/kT dδ =
√
2πkT
r2κ0
, (3)
where the factor r−1 is included for dimensional consistency. The partition function is the normalization
factor for the probability distribution, so that
p(δ) =
√
r2κ0
2πkT e
−
1
2
κ0δ
2/kT
. (4)
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Fig. 2. A square membrane with bending resistance κ, nominally ﬂat in its reference conﬁguration. The membrane
undergoes random transverse ﬂuctuations due to Brownian motion of the surrounding water molecules, and transverse
deﬂection is constrained in various ways in the examples discussed in this section.
The variance of the ﬂuctuations is the expected value or most commonly observed value of δ2; this feature
of the ﬂuctuation behavior is given by
〈δ2/r2〉 = 1
r3Z
∫ ∞
−∞
δ2e−U(δ)/kTdδ = kT
r2κ0
⇒ 〈δ2〉 = kT
κ0
, (5)
where
√〈δ2〉 is the standard deviation of the motion.
If a bead is observed as it ﬂuctuates in the manner described, and its instantaneous deﬂection δ is
recorded frequently, the data provide a plot of frequency of occurrence versus deﬂection. If the process
is random then this plot will have the form of a Gaussian distribution. With the observed values of de-
ﬂection labeled δi , i = 1, 2, . . . ,N, where N is large, the sample variance of the ﬂuctuation amplitude is
computed as
〈δ2〉obs = 1N
N∑
i=1
δ2i . (6)
Identiﬁcation of the variance (6) implied by measurement with the expected value implied by Eq. (5) for the
system under consideration leads directly to a numerical value for κ0.
With the force constant known, it becomes possible to use the optical trap to measure minute forces
exerted on living cells or macromolelcular strands, an approach that has been used to great advantage in
studies of DNA encapsulation by viruses or in searching for a connection between cell stiﬀness and disease.
In practice, the light directed on the bead to generate force is much more widely spread than is the single
narrow beam presumed here. The light might be spread over a width equal to several times the beam
diameter, with intensity greatest at the center of that span and diminishing symmetrically toward the edges.
Force on the bead develops in the latter case due the asymmetric gradient in light intensity that is experienced
as it is displaced from the reference position with central symmetry.
3. Conﬁnement forces induced by membrane ﬂuctuations
In this section, the constrained ﬂuctuations of a structural membrane are considered; the membrane is
viewed as a continuous structural element with elastic bending resistance of the kind observed for phos-
pholipid bilayer membranes [6]. The membrane, which is ﬂat in its reference conﬁguration, is immersed in
water and deformation of the membrane is constrained in a particular way in each of the three cases exam-
ined. The goal is to estimate the constraint forces which arise naturally as a result of ﬂuctuations. These are
the forces must be capable of resisting ﬂuctuations if integrity of the structure is to be maintained.
Several issues are discussed here and, in each case, attention is focussed on a square membrane of di-
mension L on a side that is ﬂat in its reference conﬁguration. As indicated in Fig. 2, a rectangular coordinate
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system is introduced so that the xy plane coincides with the reference conﬁguration of the membrane and
the transverse deﬂection at any material point x, y in the reference conﬁguration is h(x, y). Membrane de-
formation is assumed to be small, in the usual sense of structural mechanics. With a view toward statistical
analysis, the complete deﬂection is represented for the case of L-periodic motions in terms of n2 random
variables constituting the square matrix apq by the modal form
h(x, y) = λ
n∑
p=1
n∑
q=1
apq cos
(
2πpx
L
)
cos
(
2πqy
L
)
, λ =
L
n
. (7)
The length λ, which is the shortest wavelength included in the representation, is introduced as a convenience
in order to render the random variables apq dimensionless. Forms of the representation of membrane deﬂec-
tion with diﬀerient features might be used for other edge conditions or other symmetry conditions; Eq. (7)
is intended to be illustrative rather than all-inclusive.
Whereas the term membrane usually implies a thin structural element with negligible bending resistance
in structural mechanics, the term is used with a signiﬁcantly diﬀerent meaning in the context of phospho-
lipid bilayer membranes. Here, a membrane does indeed resist bending elastically, but it has no resistance to
in-plane shear stress. The latter feature reﬂects the character of each lipid layer as being a two dimensional
ﬂuid, incapable of resisting shear stress. Within this context, Helfrich [7] proposed an expression for the
two-dimensional strain energy density in the form 1
2
κ(∂xxh + ∂yyh)2 where κ is a bending modulus with
dimensions of force× length. Substitution of the representation (7) into this expression and integration over
the area of the membrane yields the elastic energy or internal energy in terms of the random variables as
Ue(apq) = 2π
4κ
n2
n∑
p=1
n∑
q=1
a2pq(p2 + q2)2. (8)
In general, in a statistical analysis of the kind underlying this discussion, the internal energy will include
the kinetic energy of the material as well. However, in the type of system envisaged here, the kinetic energy
contribution to internal energy of the membrane is suﬃciently small so that it can be neglected without
inﬂuencing any conclusions.
3.1. Suppression of ﬂuctuations by membrane tension
Evans and Rawiz [8] demonstrated experimentally that the amplitude of membrane ﬂuctuation is inﬂu-
enced by membrane tension. To make that relationship quantitative in a particular situation, consider the
case of an L × L square membrane constrained against transverse deﬂection at all points of its periphery as
in Fig. 3. As the membrane undergoes transverse ﬂuctuations with its total area conserved, its projected area
on the reference plane is reduced. The membrane edge is also constrained against any in-plane contraction
in the direction perpendicular to the applied force. In the direction of the force, the far edge x = 0 is also
constrained against in-plane contraction, whereas the edge x = L on which the force acts is free to displace
uniformly in the direction of the force. Suppose that this edge is subjected to a net force P tending to ﬂatten
the membrane and that the displacement of this edge in the direction of decreasing values of kx, that is, the
contraction of the projected area, is denoted by δ(apq).
There is now a contribution to the internal energy from the applied force P, in addition to the elastic
energy (8); the total internal energy is U(apq) = Ue(apq) + Pδ(apq). The probability of ﬁnding the system
in any particular admissible conﬁguration, say a∗pq, is
p(a∗pq) = Z−1e−U(a
∗
pq)/kT , (9)
where the partition function is
Z =
∫ ∞
−∞
· · ·
∫ ∞
−∞
e−U(a11,a12,...)/kTda11da12 · · · (10)
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Fig. 3. The inset shows a membrane constrained against transverse deﬂection on its boundary, and with its edge con-
strained against in-plane deﬂection normal to the boundary on three sides. The fourth side undergoes a uniform dis-
placement in the direction opposite to the direction of the applied force P; the magnitude of δ is such that the total
membrane area is conserved. The force P is found to resist the displacement δ according to the result shown in the
graph.
The expected value of the contraction of the membrane, as represented by δ, is then given by an n2-tuple
integral written symbolically in the form
〈δ〉 = 1
Z
∫ ∞
−∞
δ(apq)e−U(apq)/kTdapq. (11)
The integral is readily evaluated to yield the result
〈δ〉P
λ
κ
kT =
n
4
n∑
i=1
n∑
j=1
1
n2
PL
κ
+ 2π2(i2 + j2)
, (12)
which is written in non-dimensional form.
The result of numerical evaluation of Eq. (12) is shown in Fig. 3 for the case of n = 50 or for 2 500 de-
grees of freedom. It is evident that, as P becomes indeﬁnitely large, ﬂuctuations are suppressed completely.
The intercept of the curve with the vertical axis shows the amount of shortening of the membrane in the
direction of loading when the force is reduced to zero. The plot clearly shows that the magnitude of the
slope of the curve increases continuously as the value of P is reduced. Although the graph is not extended
to negative values of P, it is noted in passing the the curve has a vertical asymptote where the value of −P is
the Euler buckling load of the membrane.
3.2. Maximum spacing of bonds for cell adhesion
In a very imaginative series of experiments, Spatz and coworkers [9] found that, in the process of forming
stable focal adhesion zones with a substrate, living cells were virtually always successful if the spacing of
compatible ligands on the substrate was less than some particular distance. If the spacing was larger than
that particular value, then tight adhesions did not form. This was observed to be the case for four cell types
and, furthermore, the critical length was roughly the same for all four types. These observations suggested
that the phenomenon may not be cell speciﬁc and that its origins might lay in some fundamental physical
process. The possibility described here is that the phenomenon arises from a competition between random
ﬂuctuations experienced by the cell membrane as it approaches the adhesion surface and the tendency of the
membrane to bond to speciﬁc sites on the substrate.
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Fig. 4. The diagram on the left shows a portion of a large membrane for which transverse deﬂection is completely constrained at a
doubly periodic array of points indicated by the red dots. Deformation within any of the L × L squares is assumed to be identical to
that in any other square, so that the dark lines separating the regions are lines of reﬂection symmetry. The graph on the right shows the
statistical free energy of a representative patch of membrane for the case of the center point of the patch restrained (upper curve) and
unconstrained (lower curve)
To pursue that possibility, a model based on the conﬁguration sketched in plan view in Fig. 4 is consid-
ered. A large nominally ﬂat membrane ﬂuctuates in a thermal environment. The membrane is divided into
many L × L square subregions, and the center of each such region is presumed to be constrained against
transverse ﬂuctuation, that is, to be ﬁrmly bonded to a ﬁxed point which maintains zero deﬂection at that
point. Finally, the conﬁguration is presumed to possess reﬂective symmetry with respect to any line sepa-
rating a subregion from its neighboring subregion. It is then possible to study the behavior of the system by
analyzing one of the subregions.
It is perhaps intuitively obvious that the extreme values of constant force exerted on the membranes at the
bond sites increases/decreases as the value of L is increased/decreased. To pursue the connection between
the integrity of the bond and the value of L quantitatively, attention is focussed on the change in free energy
of the system as a bond is formed or broken, that is, the so-called bonding energy Ub of a commensurate
molecular pair. The analysis proceeds by calculating the free energy of the L × L patch of membrane with
symmetry edge conditions for both the case of a constrained central point and the case of an unconstrained
central point. While the latter calculation can be done analytically, following the ideas included above, the
former calculation cannot be carried out analytically. Consequently, the Monte Carlo method of numerical
integration, as described in [10], was applied for both cases, after conﬁrming the quality of the numerical
method through comparison with the analytical results for the case of an unconstrained membrane.
The numerical results for free energy for the two cases are illustrated in Fig. 4. Somewhat surprisingly,
it is seen that the membrane with a constrained central point has a larger value of free energy than does the
unconstrained membrane for a given value of L. The reason for this diﬀerence is that the entropy of the
membrane is reduced upon application of the constraint, and a reduction in entropy contributes an increase
in free energy. The main question, in the context of the present discussion on adhesion, concerns the values
of L beyond which the free energy of the constrained membrane exceeds the free energy of the unconstrained
membrane by more than Ub. For values of L larger that this critical value of span length, the free energy
reduction associated with bond separation is more than suﬃcient to oﬀset the free energy increase that
accompanies the separation of the molecular adhesion bond.
A plot of bond strength versus span length implied by this criterion for critical spacing is shown in
Fig. 5. The interpretation of this graph is relatively straight forward. If the system parameters correspond
to a point in the plane of the graph that falls above and to the left of the curve, then the bond is stable and,
presumably, is maintained for a relatively long time. On the other hand, if the system parameters correspond
to a point that falls below and to the right of the curve, then the bond will be separated in the course of
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Fig. 5. The blue curve divides the parameter plane of bond strength and span length into two regions, one representing distributed bond
sites that are energetically stable and the other representing unstable bonding
random membrane ﬂuctuations, even it is successfully formed from time to time. For a given set of system
parameters, the particular value of L separating these two regimes of behavior identiﬁes a critical spacing
that cannot be exceeded if bonding is to be stable over time.
3.3. Pressure of mutual conﬁnement in a stack of membranes
The steric conﬁnement of a ﬂuctuating bio-membrane within a stack of like membranes and the pressure
induced as a result of conﬁnement have been topics of active interest for more than thirty years. The
phenomenon was ﬁrst identiﬁed and analyzed by Helfrich [11] in a remarkably insightful contribution with
far-reaching implications. For mean inter-membrane spacing of 2c, the main conclusion reported in [11] is
that the free energy of a representative membrane varies as c−2 for small vaues of c, from which it follows
that the mean conﬁning pressure varies as c−3. Many subsequent studies have been built upon the result of
Helfrich [11]. Almost without exception, these studies have been based on the assumption that the behavior
of a conﬁned membrane can be characterized by a strain energy density function developed originally for a
liquid crystal with the smectic-A structure.
In general, for a dipole-dipole interaction between surfaces or lines, the free energy of interaction will
vary as the inverse square of the separation distance. For example, such an interaction arises between
crystallographic steps on a vicinal surface of a single crystal, a situation in which the elastic ﬁeld of a
step is essentially a dipole ﬁeld and, accordingly, the steps interact through their elastic energy ﬁelds [12].
Membrane-membrane interactions appear to have a character fundamentally diﬀerent from dipole-dipole
behavior, with no interaction at a distance except possibly through hydrodynamic eﬀects; the latter are usu-
ally not taken into account in any way. Consequently, on physical grounds, the inverse square dependence
of free energy on spacing without interaction at a distance is a curious result.
Attention is now turned to the results of a recently completed analysis of the conﬁguration that best
represents the mechanics of mutual conﬁnement within a stack if that behavior is to be deduced from con-
sideration of a single “representative” membrane. The physical model is depicted in the inset of Fig. 6.
A portion of a representative elastic membrane from among those in a regular multilayer system is shown.
When undeformed, the membrane lies in the plane z = 0, termed the reference plane for that membrane. The
uniform spacing between reference planes of adjacent membranes in the multilayer is 2c. If the total number
of membranes in the stack is large, the behavior of any single membrane far from either end of the stack
should exhibit reﬂective symmetry with respect to its reference plane. Furthermore, the behavior of adjacent
membranes should exhibit reﬂective symmetry with respect to a plane midway between the reference planes
of the two membranes. These intermediate planes of reﬂective symmetry at z = ±c are also shown in Fig. 6.
The transverse deﬂection of the representative membrane from its reference plane is again denoted by
h(x, y). The condition of reﬂective symmetry of deformation with respect to the intermediate planes at
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Fig. 6. The inset shows a square membrane of dimensions L × L conﬁned between rigid planes, each at a small distance c from the
reference plane of the membrane. The conﬁguration serves as a basis for study of a representative membrane within a stack of many
identical and nominally parallel membranes with adjacent reference planes separated by a distance 2c. The dependence of membrane
free energy, normalized with respect to kT , on the spacing c, normalized by λ is illustrated by the means of discrete points based on
numerical evaluation of the expression for free energy. The quantity −∂cA is the resultant force of the conﬁning pressure acting on the
membrane
z = ±c then implies, in turn, that the transverse deﬂection of the membranes with reference planes at
z = ±2c are both −h(x, y) on the average. If the membranes are mutually non-penetrating, it follows that the
transverse deﬂection of the representative membrane is conﬁned to the range −c  h(x, y)  +c as a result
of interaction with its neighbors. This symmetry argument is the basis for the assumption of conﬁnement
by means of rigid planes. The requirement that an inequality must be enforced in restricting the range of
ﬂuctuations results in interdependence of the random variables in the modal description of membrane shape
Eq. (7). This feature necessitates an extension of the analysis to include features not addressed previously
in the study of such systems [13].
The result of analysis of the conﬁned membrane, in the form of a plot of membrane free energy versus
inter-membrane spacing is shown in Fig. 6. The discrete points represent the results of numerical evaluation
of an exact solution expressed in terms of the error function; the appearance of the error function necessi-
tated the reliance on numerical evaluation. However, no approximation other than numerical evaluation of
tabulated quantities is involved in obtaining the result. The entropic pressure of interaction between adjacent
membranes is established by the dependence of free energy on c according to −∂cA. As is clear from the
ﬁgure, this gradient is zero if the separation distance c is suﬃciently large, implying that the interaction
pressure is zero, as expected. As the value of c becomes smaller, the magnitude of the slope of the free
energy with respect to c is negative and it increases in magnitude monotonically with decreasing c. This
behavior persists until the pressure becomes indeﬁnitely large as the separation distance is reduced to the
range of values that are too small to be properly represented by means of a continuum analysis that does not
capture underlying quantum eﬀects which may arise at a very small scale. The asymptotic behavior ofA as
c→ 0 is not yet known explicitly, and it continues to be a topic of study.
4. Concluding discussion
The mechanical systems considered in the foregoing discussion were selected for their relative simplicity
and the potential for illustrating aspects of the mechanical behavior of soft material structures in a thermal
environment. These structures could be analyzed quite completely, making it possible to estimate forces for
comparison to experimental observations. The methods applied were those of classical statistical mechanics.
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This approach overlooks any aspect of behavior that is essentially quantum mechanical in origin, of course,
but the classical point of view seems to be of relevance for all but the smallest scale features of these
systems. It is likely that work in this area would beneﬁt signiﬁcantly from parallel studies of a particular
bio-mechanical structures from both the quantum and the classical points of view. Such results would allow
for a direct identiﬁcation of the size scale at which classical eﬀects give way to quantum eﬀects in governing
behavior of these materials.
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